Abstract-Finite settling time control of the double integrator is considered. The approach taken is to design a compensator based on a virtual lossless absorber which is tuned so that, at some predetermined time, the virtual subsystem possesses all of the system's energy. At this time the controller is turned off, and the double integrator remains at rest at the origin. This strategy gives the appearance of instantaneously removing all of the system's energy as if a trap door had been sprung. A practically useful feature of the virtual trap-door absorber is that only position measurement is required. Parameters for the virtual trap-door absorber controller are chosen, and the resulting controller is compared to the classical minimal-time and minimal-energy controllers, which require measurements of both position and velocity.
Finite Settling Time Control of the Double Integrator Using a Virtual Trap-Door Absorber

I. INTRODUCTION
Exponential stabilization of rigid-body translational or rotational motion, M q = u, the double integrator problem, is obtained by setting u = 0a _ q 0 bq, where a; b > 0. However, it is often desirable to stabilize the motion in finite time. Several approaches have been considered for this problem [1] - [6] including the classical minimal-time and minimal-energy controllers [7] , [8] .
The purpose of this paper is to develop a continuous-time feedback controller that achieves finite settling time for the double integrator using position measurement only. Position feedback may be practical when position information is obtained from sensors such as LVDT's, capacitive sensors, and encoders.
The controller we develop in this paper is based upon physical principles rather than optimality criteria. Inspired by mechanical absorbers [9] , this controller emulates the action of a proof-mass absorber by applying forces that a physical absorber would apply. Since the proof-mass absorber is emulated and is not a physical device, our controller can be viewed as a virtual absorber [10] . A general treatment of controllers that exploit energy transfer between real and virtual subsystems is given in [11] and [12] .
The controller design involves choosing the values of the virtual proof mass and stiffness so that, at a predetermined time, the energy of the double integrator is completely transferred to the absorber subsystem. Ordinarily, the absorber subsystem would possess all of the energy only instantaneously, after which time energy would return to the plant. However, since the time at which total energy transfer occurs is known independent of the initial state of the plant, we turn off the controller at that instant, so that all of the energy is instantaneously removed from the plant, as if it had exited through a trap door, and thus the mass subsequently remains at rest at the origin.
A virtual controller using acceleration measurements and similar to the trap door absorber is given in [13] . The use of resetting as in the present paper and [11] in order to instantaneously remove controller energy is not discussed in [13] .
II. SYSTEM DESCRIPTION Consider the double integrator described by
with initial conditions q 1 (0) = q 10 ; _ q 1 (0) = _ q 10 . Our goal is to use feedback control to bring the position q 1 (t) and velocity _ q 1 (t) to zero in finite time using only a measurement of the position q1(t). The feedback controller we consider emulates the lossless system shown in Fig. 1 , where the springs K and k as well as the mass m are virtual elements whose effect on the mass M is implemented by means of a dynamic compensator and a force actuator. The dynamics of the closed-loop system are given by (1) and m q 2 + kq 2 0 kq 1 = 0
where q2 is the position of the virtual mass m. As shown in Fig. 2, (1)-(3) can be represented as the single-input/single-output (SISO) feedback interconnection of the double integrator plant with a second-order, proper dynamic compensator whose input is the position of the mass M .
The virtual absorber shown in Fig. 1 can also be applied to the harmonic oscillator. Suppose that the mass is attached to the ground by means of a stiffness with spring constant K . Then K can be subsumed by the virtual spring constant K in the analysis given below. 
and the eigenvalues of A are 1;2 = 6|!; 3;4 = 6|.
The closed-loop system (7) is thus Lyapunov stable. Since Taking the Laplace transform of (7) 
which yields x 1 () = 
III. FINITE SETTLING TIME CONTROLLER SYNTHESIS 
Then the solution of (1)- (3) 
Furthermore, the control force u(t) given by (6) 10 . Also, the smallest value of ts for which q1(ts) = 0 and _ q1(ts) = 0 is obtained with n = p = 0 in (16), which yields t s = (=2) 3M=K. This value is achieved for k = 4K=3 and m = 4M=3. Furthermore, t s can be made arbitrarily small by choosing K sufficiently large, although large K increases the control amplitude as suggested by (17).
The virtual trap-door absorber is based on Theorem 3.1. The controller in Fig. 2 is implemented for 0 t ts so that, at time t = ts, t ts:
Remark 3.3:
If M is not known exactly, or if some damping is present, or if some external disturbance is present, then the double integrator is not expected to reach the origin at time t s . In this case the controller can be reset and restarted periodically with period t s .
IV. PERFORMANCE ANALYSIS
We first consider the full-state classical minimal-time controller given by [7] and [8] u(t) = 0u max sgn _ q 1 (t) + sgn(q 1 (t)) 2jq 1 (t)j umax M _ q1(t) + sgn(q1(t)) 2jq1(t)jumax=M 6 = 0 0umax sgn(q1(t)); _ q 1 (t) + sgn(q 1 (t)) 2jq 1 (t)ju max =M = 0 (24) which is characterized by a discontinuous control force u(t) that switches between 6umax.
Next, for a specified settling time t s , we consider the full-state minimal-energy controller given in open-loop form by [7] and [8] 
To design the trap-door controller, we choose n = p = 0 in (14), so that k = 4K=3 and m = 4M=3. K will be chosen to satisfy a control amplitude constraint.
To compare these controllers, let M = 1 and impose the control constraint ju(t)j 1; t 0. To satisfy this constraint for the minimal-time controller, we set umax = 1, while for the minimal-energy controller with initial conditions inside the unit circle, we set t s = Fig. 3 , while the control is plotted in Fig. 4 . Fig. 4 shows that the minimal-time control is piecewise constant with three discontinuities: switching on at t = 0, switching sign, and switching off when M reaches the origin. The minimal-energy and trap-door controllers each have two discontinuities: switching on at t = 0 and switching off when M reaches the origin. corresponding settling times and energy integrals were computed. 
and thus q1(ts) = 0; _ q1(ts) = 0, where ts is given by (16). 
